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Abstract
We clarify the role played by the Immirzi parameter in classical gravity coupled to
fermions. Considering the general non-minimal coupling, we show that, although the
torsion depends explicitly on the Immirzi parameter, in a suitable parametrization the
effective action obtained by integrating out the spin-connection is independent of it.
Thus the Immirzi parameter is not detectable in classical theory even after coupling of
fermions.
Recently, coupling of fermions to classical general relativity has attracted much attention.
The interest was initiated by the work [1] where it has been noted that the minimal coupling to
fermions makes gravity sensitive to the so called Immirzi parameter [2]. This parameter, which
we call β, appears through the action generalizing the standard Hilbert–Palatini formulation
[3]
SG[e, ω] =
1
16πG
∫
d4x e e
µ
I e
ν
J
(
RIJµν(ω)−
1
β
⋆ RIJµν(ω)
)
, (1)
where eIµ is the tetrad field, R
IJ
µν(ω) is the curvature of the spin-connection ω
IJ
µ , and the star
operator is the Hodge operator defined as ⋆ωIJµ =
1
2
εIJKLω
KL
µ . In pure gravity β does not
affect the equations of motion. However, in [1] it was demonstrated that once the minimally
coupled action
SF−min[e, ω, ψ] =
i
2
∫
d4x e e
µ
I
(
ψγIDµψ −Dµψγ
Iψ
)
(2)
is added and the spin-connection is integrated out, one obtains the following effective 4-fermion
interaction term with a β-dependent coupling constant
Sint−min[e, ψ] = −
3
2
πG
β2
1 + β2
∫
d4x eAIAI , (3)
where AI = ψγ5γIψ is the axial current. Thus, it was concluded that measuring the strength
of such 4-fermion interaction can provide an information about the Immirzi parameter. In
other words, β was argued to be in principle an observable parameter. Later this result was
generalized to a non-minimal coupling which was shown to lead to parity violation effects
[4, 5, 6].
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On the other hand, in [7] it was argued that the minimal coupling is inconsistent because
it leads to a torsion represented as a sum of a vector and a pseudovector. At the same time,
a particular non-minimal coupling has been suggested which cancels the effect of the Immirzi
parameter so that the latter drops out from the theory as in pure gravity. However, the
inconsistency argument is not convincing. The fact that the torsion does not have a definite
transformation property under parity changing simply means that the theory is not parity
invariant which might well be the case.
This collection of results gave rise to confusing statements in the literature about the
fermion couplings and the role of the Immirzi parameter in the classical theory. This issue,
being important by itself, becomes especially meaningful regarding the status of the Immirzi
parameter in quantum theory. The standard results of loop quantum gravity (LQG) approach
show that it enters the spectra of geometrical operators as a scaling factor thus becoming an
observable parameter [8, 9, 10].1 On the other hand, the approach called covariant loop
quantum gravity suggests a quantization with results independent of β and argues that the
standard LQG is anomalous [13, 14, 15, 16].
In this letter we would like to clarify the situation at the classical level. For this, we
suggest to consider the general non-minimally coupled action quadratic in fermions
SF [e, ω, ψ] =
i
2
∫
d4x e e
µ
I
(
ψγI
(
ζ − iξγ5
)
Dµψ −Dµψ
(
ζ − iξγ5
)
γIψ
)
, (4)
where ζ and ξ are two complex parameters. We will work with their real and imaginary parts
which we denote as
ζ = η + iθ, ξ = ρ+ iτ. (5)
Actually, one of these four parameters can be absorbed by rescaling the fermion field ψ, but
we leave all of them to have more symmetric equations.
The action (4) is a natural combination of the actions considered in [4] and [7]. One
reproduces them for ξ = 0 and θ = τ = 0, respectively. As one can check, the results we are
going to present reduce to those of [4, 7] in these particular limits.
Our primary goal is to solve the equations of motions with respect to the spin-connections
and, substituting the result into the initial action, to find an effective theory for the tetrad
coupled to the fermions. It is convenient to represent the spin-connection as the sum of
the torsion-free connection ω˜IJµ and the contorsion tensor C
IJ
µ which is closely related to the
torsion. The torsion-free connection satisfies D˜[µe
I
ν] = 0 and therefore can be expressed in
terms of the tetrad so that one has ωIJµ = ω˜
IJ
µ (e) +C
IJ
µ . Then it is not difficult to obtain the
following result for the contorsion tensor2
e
µ
KC
IJ
µ = −4πG
β2
1 + β2
[(
ρ+
η
β
)
δ
[I
KA
J ]
−
1
2
(
η −
ρ
β
)
εIJKLA
L
+
(
θ −
τ
β
)
δ
[I
KV
J ] +
1
2
(
τ +
θ
β
)
εIJKLV
L
]
, (6)
where V I = ψγIψ is the vector current and the axial current AI was defined above. After
1An attempt to consistently include the minimally coupled fermions in this framework can be found in
[11, 12].
2We use the conventions of [4]. Note that there is a sign difference with respect to the definition of β used
in [7].
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substitution of (6) into the action SG + SF , one finds
Seff [e, ψ] =
1
16πG
∫
d4x e e
µ
I e
ν
JR
IJ
µν(ω˜) + i
∫
d4x e e
µ
Iψ
(
η − τγ5
)
γID˜µψ + Sint[e, ψ], (7)
where the interaction term reads
Sint[e, ψ] = −
3
2
πG
β2
1 + β2
∫
d4x e
[(
η2 −
2ηρ
β
− ρ2
)
A2 +
(
τ 2 +
2τθ
β
− θ2
)
V 2
−
(
ητ + θρ+
ηθ − τρ
β
)
AIV
I
]
. (8)
The effective interaction (8) seems to explicitly depend on the Immirzi parameter. How-
ever, this does not allow us to make any predictions concerning β since a simple redefinition
of the parameters removes the dependence. Indeed, let us redefine two of the parameters θ
and ρ of the non-minimal coupling in terms of new parameters ϑ and ̺ as follows
θ =
√
1 +
1
β2
ϑ+
τ
β
, ρ =
√
1 +
1
β2
̺−
η
β
. (9)
Then both, the contorsion tensor and the interaction term, depend only on the following
combinations of currents
J = ηA− τV, Y = ̺A+ ϑV (10)
and are given by very simple expressions
e
µ
KC
IJ
µ = 4πG
[
1
2
εIJKLJ
L
−
β√
1 + β2
(
δ
[I
KY
J +
1
2β
εIJKLY
L
)]
, (11)
Sint[e, ψ] = −
3
2
πG
∫
d4x e
[
J2 − Y 2
]
. (12)
The result (12) together with (7) demonstrates that in the parametrization (9) the effective
dynamics of fermions coupled to the metric does not depend on the Immirzi parameter which
completely disappears from Seff . The dependence on β was absorbed into the new couplings
ϑ and ̺ which together with η and τ are the only measurable quantities at this level.3
For non-vanishing ̺ and ϑ, the torsion however still carries a dependence of β. But
we do not have a direct access to it because the torsion manifest itself only through effective
phenomena similar to the four-fermion interaction we have found here [17]. Thus, we conclude
that in this framework the Immirzi parameter remains unmeasurable as in pure gravity.
In the particular case ̺ = ϑ = 0 the current Y vanishes and there are no second terms,
both in the contorsion tensor (11) and in the effective interaction (12). In particular, this
ensures that Dµ(e e
µ
I ) = eηIKe
µ
JC
JK
µ = 0 and the additional term in the action (1) introducing
β coincides with the Nieh-Yan invariant [7]. Taking this into account, it seems that in the
presence of β the choice ̺ = ϑ = 0 is physically distinguished and in some sense it plays the
role of the minimal coupling of the usual Einstein–Cartan theory.
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3Notice that the introduction of the currents J and Y , which turn out to contain all dependence of the
couplings, is not essential for the main result. In fact, the parity transformation does not preserve the form
of these currents and therefore they do not seem to have a direct physical interpretation.
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